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Notes on the Szego˝ minimum problem.
II. Singular measures
Alexander Borichev ∗ Anna Kononova ∗∗ Mikhail Sodin ∗∗∗
Abstract
In this note, we prove several quantitative results concerning with the Szego˝ minimum
problem for classes of measures on the unit circle concentrated on small subsets. As a
by-product, we refute a long-standing conjecture of Nevai.
This note can be read independently from the first one.
1 Introduction
In this note we will demonstrate several simple estimates of the quantity
en(ρ)
2 = min
q0,...,qn−1
∫
T
∣∣tn + qn−1tn−1 + . . .+ q1t+ q0∣∣2 dρ(t)
for measures ρ supported by small subsets of the unit circle T.
We start with a straightforward lower bound for en(ρ) for measures ρ of the form
ρ =
∑
k>1
akρk ,
where ak > 0,
∑
k ak = 1, and ρk are probability measures, ρk is invariant w.r.t.
rotation of the circle by 2π/2k radians. This lower bound yields a simple counter-
example to the Nevai conjecture raised in [11] and then discussed by Rakhmanov
in [13] and by Simon in [15, Sections 2.9, 9.4, 9.10].
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2 Limit-invariant measures and the Nevai conjecture 2
Our second result (Theorem 6) deals with discrete probability measures
ρ =
∑
j
ajδλj ,
∑
j
aj = 1, (λj) ⊂ T.
Given a sequence (aj), we estimate the quantity sup
(aj )⊂T
en(ρ). Our proof relies on
ideas from Denisov’s work [3].
Then we bring two results (Theorems 8 and 9) which provide conditions for super-
exponential decay of en. Note that [16, Chapter 4] contains a number of delicate
conditions for sub-exponential decay of the sequence en(ρ) obtained by Erdo˝s–Tura´n,
Widom, Ullman, and Stahl–Totik.
We conclude this note with a discussion of the singular continuous Riesz products
for which en(ρ) can be estimated in a simple and straightforward manner.
As in the first note, we use here the following notation: for positive A and B,
A . B means that there is a positive numerical constant C such that A 6 CB,
while A & B means that B . A, and A ≃ B means that both A . B and B . A.
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2 Limit-invariant measures and the Nevai conjecture
2.1 Limit-invariant measures
We say that a measure ρ on T = R/2πZ is α-invariant if it is invariant under the
rotation θ 7→ θ + 2πα mod 2π.
Lemma 1. Let ρ be a 1
k
-invariant measure with k ∈ N. Then es(ρ)2 = ρ(T), s < k.
Proof of Lemma 1: Suppose that k > 1 (for k = 1 the statement is obvious). By the
1
k
-invariance of the measure ρ, its moments of order 1 6 |ℓ| 6 k−1 vanish. Thus, the
measures ρ and ρ(T)m (here and elsewhere, m is the normalized Lebesgue measure
on T) have the same moments of order 0 6 |ℓ| 6 k − 1, and therefore,
es(ρ)
2 = es(ρ(T)m)
2 = ρ(T)es(m)
2 = ρ(T), s < k,
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completing the proof. ✷
Lemma 2. Suppose that ρ is a probability measure on T of the form
ρ =
∑
k>1
akρk,
where (ρk) is a sequence of probability measures such that ρk is 2
−k-invariant, and
(ak) is a sequence of non-negative numbers such that
∑
k ak = 1. Then
e2n(ρ)
2 >
∑
k>n+1
ak.
Proof of Lemma 2: The tail υn =
∑
k>n+1 akρk is a 2
−(n+1)-invariant measure, so
that
e2n(ρ)
2 > e2n(υn)
2 =
∑
k>n+1
ak,
proving the lemma. ✷
It is curious to observe that, generally speaking, the lower bound from Lemma 2
cannot be significantly improved:
Lemma 3. Let Λ2k =
{
λ : λ2
k
= 1
}
, let the sequence (ak) be as in Lemma 2, let
ρk =
1
2k
∑
λ∈Λ
2k+1
\Λ
2k
δλ, k > 0,
and let ρ =
∑
k>0 akρk. Then∑
k>n+1
ak 6 e2n(ρ)
2 6 4
∑
k>n
ak .
Proof of Lemma 3: The measure ρk is 2
−k-invariant, hence, the lower bound follows
from Lemma 2.
To prove the upper bound, we put Q2n(z) = z
2n − 1. Since Q2n vanishes at Λ2k
with k 6 n and |Q2n | 6 2 everywhere on T, we have
e22n(ρ) 6 ‖Q2n‖2L2(ρ) 6 4
∑
k>n
akρk(T) = 4
∑
k>n
ak ,
proving the upper bound. ✷
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2.2 Is the relative Szego˝ asymptotics always possible?
Note that Lemma 2 yields the existence of singular measures ρ with an arbitrary
slow decay of the sequence en(ρ) (as we will see later in Theorem 13, the Riesz
products provide another construction of singular measures with such property).
Thus, taking an arbitrary measure µ with divergent logarithmic integral∫
T
log µ′ dm = −∞, µ′ = dµ
dm
> 0, (1)
and adding to µ a singular measure ρ as in Lemma 2, one can make the sequence
en(µ + ρ) decaying incomparably slower than the sequence en(µ). It is not too
difficult to achieve the same effect choosing an absolutely continuous ρ such that
µ+ ρ = wµ with logw ∈ L1(m), or even with logw ∈ Lp(m) with any p <∞.
Theorem 4. Suppose that µ is an absolutely continuous measure on T with µ′ > 0
m-a.e., and with divergent logarithmic integral (1). Then, for any sequence εn → 0,
there exists a positive function w such that, for any p < ∞, logw ∈ Lp(m), while
en(wµ)/εn →∞ as n→∞.
This theorem answers negatively to a question raised by Nevai in [11], where he
conjectured that for any measure µ with µ′ > 0 m-a.e. and for any positive function
w with logw ∈ L1(m), one has
lim
n→∞
en(wµ)
en(µ)
= exp
(1
2
∫
T
logw dm
)
. (2)
Note that when µ = m this becomes Szego˝’s theorem. Nevai proved that this
conjecture is correct when w satisfies additional regularity assumptions. Further re-
sults in that direction were obtained by Rakhmanov [13] and Ma´te´–Nevai–Totik [9].
In [13] (see the very end of Section 3) Rakhmanov discusses a similar question, and
guesses that it may have a positive answer at least when µ has a smooth density
and logw ∈ Lp(m) with some p > 2 (this is also refuted by Theorem 4). One can
find a thorough discussion of the Nevai conjecture and related topics in the Simon
treatise [15, Sections 2.9, 9.4, 9.10].
In the situation described in Theorem 4, relation (2) fails because for some
unbounded w with convergent logarithmic integral, we can have en(wµ)/en(µ)→∞,
n→ ∞. It turns out that for bounded w with convergent logarithmic integral and
for some µ, we can have en(wµ)/en(µ)→ 0, n→∞, which gives a different example
of failure of (2).
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Theorem 5. There exist an absolutely continuous measure µ and a function w on
T such that 0 < µ′ < 1, 0 < w 6 1 m-a.e.,
∫
T
logw dm > −∞, and
lim
n→∞
en(wµ)
en(µ)
= 0.
2.2.1 Proof of Theorem 4
Let µ = e−H m be a measure satisfying the assumptions of Theorem 4, and set
µ0 = e
−H+ m 6 µ; here and later on, H+ = max(H, 0), H− = max(−H, 0). Then µ0
is an absolutely continuous measure on T with µ′0 > 0 m-a.e., and with divergent
logarithmic integral (1).
The idea of the proof is straightforward: we start with the same discrete measure
ρ as above, i.e.,
ρ =
∑
k>1
akρk, ρk = 2
−k
∑
λ∈Λ
2k+1
\Λ
2k
δλ,
and spread slightly each of the measures ρk retaining the 2
−k-invariance. First, using
that H+ <∞ a.e. on T, we fix Ak so that
m
{
t ∈ T : | arg(t)| < 2−kπ, max
λ∈Λ
2k+1
\Λ
2k
H+(λ¯t) > Ak
}
< 2−k−1,
and then choose a measurable set Xk ⊂ {t ∈ T : | arg(t)| < 2−kπ} of measure
m(Xk) = ηk > 0 so that
sup
t∈Xk
max
λ∈Λ
2k+1
\Λ
2k
H+(λ¯t) 6 Ak.
We choose ηk in such a way that the sequence (ηk) is decreasing.
Note that, given k, the sets λXk, λ ∈ Λ2k+1 \ Λ2k , are disjoint. Then we set
Ek =
⋃
λ∈Λ
2k+1
\Λ
2k
λXk, E =
⋃
k>1
Ek,
and
ρ˜ =
∑
k>1
akρ˜k, ρ˜k =
1
2kηk
1lEk ·m
for some sequence (an) of positive numbers to be chosen later on, of sum 1 (and
observe that the measures ρ˜k are 2
−k-invariant probability measures). Then we
define a function w0 by
µ0 + ρ˜ = e
−H+w0 ·m = w0 · µ0,
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i.e.,
w0 = 1 + (e
H+1lE) ·
∑
k>1
ak
2kηk
1lEk .
Put w = max(1, w0e
−H−). Then
w · µ = max(1, w0e−H−)e−H++H− ·m > w0e−H+ ·m = w0 · µ0,
and
0 6 logw 6 logw0 6 H+1lE + log+
(∑
k>1
ak
2kηk
1lEk
)
+ log 2.
We need to choose the parameters ηk to guarantee that both terms on the RHS
are integrable in any power p <∞. Furthermore, putting
υ˜n =
∑
k>n+1
akρ˜k,
recalling that the measures ρ˜k are 2
−k-invariant, and applying Lemma 1, we get
e2n(wµ)
2 > e2n(w0µ0)
2 = e2n(µ0 + ρ˜ )
2 > e2n(ρ˜ )
2 > e2n(υ˜n )
2 = υ˜n(T) =
∑
k>n+1
ak.
To complete the proof of Theorem 4, we choose the sequence ak so that
εn = o
( ∑
k>log2 n+1
ak
)
, n→∞ .
It remains to show that the functions (H+1lE)
p and logp+
(∑
k>1
ak
2kηk
1lEk
)
are integrable
for any p <∞.
We have∫
E
Hp+ dm 6
∑
k>1
∫
Ek
Hp+ dm 6
∑
k>1
Apkm(Ek) =
∑
k>1
Apk 2
kηk <∞,
provided that ηk were chosen sufficiently small with respect to Ak.
The second estimate is also not difficult:∫
E
logp+
(∑
k>1
ak
2kηk
1lEk
)
dm =
∑
r>1
∫
Er\
⋃
s>r Es
logp+
(∑
k>1
ak
2kηk
1lEk
)
dm
=
∑
r>1
∫
Er\
⋃
s>r Es
logp+
( r∑
k=1
ak
2kηk
1lEk
)
dm
6
∑
r>1
∫
Er
logp
( 1
ηr
)
dm
6
∑
r>1
2rηr log
p 1
ηr
<∞,
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provided that ηr tend to zero sufficiently fast. This finishes off the proof of Theo-
rem 4. ✷
2.2.2 Proof of Theorem 5
Given 0 < β < α < 1/2, we set hα,β(e
2πiθ) = α1l[0,α](θ) + β1l(α,1/2](θ), gα(e
2πiθ) =
1l[0,α](θ).
Choose Nk = 2
4k (so that Nk+1 = N
4
k ). Next, choose αk = e
−Nk−2 , βk = e
−Nk+2 ,
and define
µ =
(∑
k>2
hαk ,βk(e
2πiNkθ)
)
·m.
(a) Clearly, 0 < µ′ < 1 m-a.e. .
(b) For every k > 1,
µ > νk = αk1l[0,αk](e
2πiNkθ)m.
Since the measure νk is 1/Nk-invariant, by Lemma 1, we have
e2s(µ) > νk(T) = α
2
k, 0 6 s < Nk.
(c) Set
w(e2πiθ) = exp
(∑
k>2
log
βk
αk
· gαk(e2πiNkθ)
)
.
Then 0 < w 6 1 m-a.e. and∫
T
log(1/w) dm =
∑
k>2
αk log
αk
βk
=
∑
k>2
e−Nk−2(Nk+2−Nk−2) =
∑
k>2
N256k−2e
−Nk−2 <∞.
(d) Given k > 3, by construction, we have wµ′ < 2βk on the arc J =
(
e2πiθ :
1 − 1
2Nk−1
< θ < 1
)
of length π/Nk−1 (and, in fact, on Nk−12
−k+3 − 1 other arcs of
the same length; we will not use this fact). Then, by [2, Lemma 11], there exists a
monic polynomials Tk of degree Nk such that
|Tk(e2πiθ)| 6 2 cosNk
( π
2Nk−1
)
< e−cNk/N
2
k−1 , e2πiθ ∈ T \ J.
Furthermore, say, by the Remez inequality, we have
|Tk(e2πiθ)| 6 eCNkm(J) = eCNk/Nk−1 , e2πiθ ∈ J.
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Let Nk 6 n < Nk+1. Then
en(wµ) 6 eNk(wµ) 6
∫
T
|Tk|2wµ′ dm
6 2βke
CNk/Nk−1m(J) + e−cNk/N
2
k−1
=
1
Nk−1
e−Nk+2eCNk/Nk−1 + e−cNk/N
2
k−1 6 e−cN
1/2
k .
On the other hand,
en(µ) > eNk+1−1(µ) > αk+1 = e
−Nk−1 = e−N
1/4
k .
We conclude that
lim
n→∞
en(wµ)
en(µ)
= 0,
which completes the proof of Theorem 5. ✷
3 Discrete measures on T
Given a sequence of positive numbers a = (aj) with
∑
j aj = 1, and a sequence
(λj) ⊂ T, consider the discrete measure
ρ =
∑
j>1
ajδλj .
Let
e∗n(a) = sup
(λj)⊂T
en(ρ),
and sk =
∑
j>k aj .
Theorem 6.
(i) Suppose that the sequence a is monotonic, i.e., a1 > a2 > . . . . Then
e∗n(a)
2 > (n + 1)
∑
j>1
aj(n+1).
In particular, e∗n(a)
2 > (n+ 1)an+1.
(ii) Given γ ∈ (0, 1), suppose that
k| log sk|1+
1
γ . n.
3 Discrete measures on T 9
Then e∗n(a)
2 6 C(γ)sk.
(iii) Given σ ∈ (0, 1
2
], suppose that
k2| log sk|−1 6 18σn.
Then e∗n(a)
2 6 s1−σk .
As we have already mentioned, the proofs of parts (ii) and (iii) follow ideas from
Denisov’s paper [3].
3.1 Examples to Theorem 6
The following examples show that a combination of estimates from Theorem 6 pro-
vides relatively tight bounds.
3.1.1
Let a = (2−j)j>1. Then
2−n 6 e∗n(a)
2 6 2−cn, n ∈ N.
Proof: The lower bound is a straightforward consequence of (i). To get the upper
bound, we note that in this case sk = 2
−k so we can apply estimate (iii) with σ = 1
2
and k > cn. ✷
3.1.2
Let a = (c(p)j−p)j>1 with p > 1. Then
c(p)
1
np−1
6 e∗n(a)
2 6 C(p)
( log3 n
n
)p−1
.
Proof: The lower bound is again a straightforward consequence of (i). To prove the
upper bound, first, we note that sk ≃ c(p)k1−p, so we can apply estimate (ii) with
γ = 1
2
, and k = C(p)n(logn)−3. ✷
Remark: Taking γ closer to 1, one can improve log3 n on the RHS to logb n with
any b > 2. On the other hand, it is not clear whether the logarithmic factor is
needed at all.
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3.1.3
Let a = (c(p)j−1 log−p(j + 1))j>1 with p > 1. Then
c(p)
(log n)p−1
6 e∗n(a)
2 6
C(p)
(logn)p−1
.
Proof: To prove the lower bound we note that∑
j>1
1
j(n+ 1) logp(j(n+ 1) + 1)
&
1
n logp n
∑
16j6n
1
j
&
1
n logp−1 n
.
To prove the upper bound, first, we note that sk > c(p)(log k)
1−p. This allows
us to apply estimate (ii) with γ = 1
2
, k = C(p)n(log log n)−3, for which sk =
C(p)(logn)1−p. ✷
3.2 Proof of estimate (i)
Consider the measure
ρ =
n+1∑
k=1
(∑
j>0
ak+j(n+1)
)
δe2πik/(n+1) ,
By the monotonicity of the sequence a,
min
16k6n+1
∑
j>0
ak+j(n+1) =
∑
j>1
aj(n+1).
Hence,
ρ >
(∑
j>1
aj(n+1)
) ∑
λn+1=1
δλ,
and Lemma 1 yields estimate (i). ✷
3.3 Proof of estimate (ii)
Given a measure ρ =
∑
j>1 ajδλj , we take k and ε so that εk ≪ 1≪ εn (their values
will be chosen at the end of the proof), let E = {λ1, . . . , λk}, and, denoting by E+ε
the ε-neighbourhood of the set E, note that m(E+ε) 6 2kε.
Our goal is to construct a polynomial P of degree at most n such that |P (0)| ≃ 1,
maxT |P | . 1, and P is very small on E. Then
en(ρ)
2 . ρ(T \ E) + max
E
|P |2 .
The polynomial P will be constructed in several steps.
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3.3.1 The outer function F
Let F = exp
[−m(E+ε)−1(1lE+ε + i1˜lE+ε) ], where 1lE+ε is the indicator function of
the set E+ε, and 1˜lE+ε is its harmonic conjugate. Then, we have
(a) supT |F | = 1;
(b) |F (0)| = exp
(∫
T
log |F | dm
)
=
1
e
;
(c) supE+ε |F | = exp
(−m(E+ε)−1).
3.3.2 The trigonometric polynomial q well concentrated near the origin
Next, given γ ∈ (0, 1), we construct a trigonometric polynomial
q(x) =
∑
|ℓ|<n
q̂(ℓ)eiℓx
with the following properties:
(A) q̂(0) = 1;
(B)
∫ π
−π
|q(x)| dx 6 C(γ);
(C) for s > 1,
∫
s
n
6|x|6π
|q(x)| dx 6 C(γ)s1−γe−sγ .
First, we take an entire function g satisfying
ĝ ∈ C∞0 (−1, 1), ĝ(0) = 1, and |g(x)| 6 C(γ)e−|x|
γ
;
the construction of such entire functions is classical, see for instance [4, Section IVD].
Then, we let gn(x) = ng(nx), note that the Fourier transform ĝn(ξ) = ĝ(ξ/n) is
supported by the interval (−n, n), and consider the periodization of gn
q(x) =
∑
j∈Z
gn(x− 2πj) =
∑
|ℓ|<n
ĝ(ℓ/n)eiℓx
(the second equation is just the Poisson summation formula). The RHS is a trigono-
metric polynomial of degree less than n. It is easy to see that q possesses the
properties (A), (B), and (C).
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3.3.3 The algebraic polynomial P
Take the Laurent polynomial Q(eiθ) = q(θ), i.e., Q(t) =
∑
|ℓ|<n q̂(ℓ)t
ℓ, and set P =
F ∗Q. This is an algebraic polynomial of degree less than n, |P (0)| = |F (0)|·|q̂(0)| =
e−1, and maxT |P | 6 ‖F‖∞,T · ‖Q‖L1(m) 6 C(γ).
To estimate supE |P |, we take t = eiτ ∈ E, and proceed as follows:
|P (t)| 6
∫ π
−π
|F (ei(τ−θ)| · |q(θ))| dθ
2π
6 sup
T
|F | ·
∫
|θ|>ε
|q|+ sup
E+ε
|F | ·
∫ π
−π
|q|
6 C(γ)
[
(εn)1−γe−(εn)
γ
+ e−m(E+ε)
−1
]
.
Hence, supE |P | 6 C(γ)
[
e−
1
2
(εn)γ + e−
1
2
(εk)−1
]
, provided that εn > 1. Thus,
en(ρ)
2 . max
T
|P |2 ρ(T \ E) + max
E
|P |2 6 C(γ)
[
sk + e
−(εn)γ + e−(εk)
−1
]
.
At last, we set ε = (k| log sk|)−1, balancing the terms e−(εk)−1 and sk, and since
k| log sk|1+
1
γ . n, we have e−(εn)
γ
. sk. ✷
3.4 Proof of estimate (iii)
Here we will use the following lemma:
Lemma 7 (Hala´sz [5]). For any d ∈ N, there exists a polynomial Hd of degree at
most d such that Hd(0) = 1, Hd(1) = 0, and maxT |Hd| 6 1 + 2d .
Note that though more general and precise estimate are known (see, for in-
stance, [6, 1]), the Hala´sz original version suffices for our purposes.
To prove estimate (iii), we fix k 6 1
2
n (to be chosen momentarily), let d = [n/k],
and consider the polynomial P (z) =
∏k
j=1Hd(zλ¯j), where Hd is the Hala´sz polyno-
mial of degree d from Lemma 7. Clearly, degP 6 n and P (0) = 1. Furthermore,
max
T
|P | 6
(
1 +
2
d
)k
6 e2k/d 6 e4k
2/n
(
since d >
n
k
− 1 > n
2k
)
.
Thus,
en(ρ)
2 6
∫
T
|P |2 dρ 6 (max
T
|P |2) ·∑
j>k
aj < e
8k2/n sk 6 s
1−σ
k ,
provided that e8k
2/n 6 s−σk , that is, k
2/(log s−1k ) 6
1
8
σn. ✷
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4 Measures with super-exponential decay of en
Here we bring two results, which provide conditions for super-exponential decay of
the sequence en(ρ).
Theorem 8. Let ρ be a probability measure on T, red and let n > 3 be an integer.
(A) Suppose that en(ρ) 6 e
−Ω with Ω > 16n logn. Then there are p 6 n closed arcs
I1, . . . , Ip on T such that
p∑
ℓ=1
1
log 1
|Iℓ|
6 8
n log n
Ω
and ρ
(
T \
⋃
16ℓ6p
Iℓ
)
6 e−Ω.
(B) Suppose that there are p 6 n/2 closed arcs I1, . . . , Ip on T such that
p∑
ℓ=1
1
log 1
|Iℓ|
6
n
2Ω
and ρ
(
T \
⋃
16ℓ6p
Iℓ
)
6 e−Ω.
Then en(ρ) 6 2e
− 1
2
Ω, provided that Ω > 4n.
Using the logarithmic capacity (which we denote by cap) we get upper and lower
bounds for en(ρ), which are tighter than the ones given in Theorem 8.
Theorem 9. Let ρ be a probability measure on T and let n > 2 be a positive integer.
(A) Suppose that en(ρ) 6 e
−Ω. Then there are p 6 n closed arcs I1, . . . , Ip on T
such that
cap
( ⋃
16ℓ6p
Iℓ
)
6 e−
1
2
Ω
n and ρ
(
T \
⋃
16ℓ6p
Iℓ
)
6 e−Ω.
(B) Suppose that there are p 6 n closed arcs I1, . . . , Ip on T such that
cap
( ⋃
16ℓ6p
Iℓ
)
6 e−
Ω
n and ρ
(
T \
⋃
16ℓ6p
Iℓ
)
6 e−Ω
with Ω > C1n. Then eCn(ρ) 6 e
−Ω/4. Here C and C1 are positive numerical
constants.
Theorem 9 immediately yields a necessary and sufficient condition for super-
exponential decay of the sequence en(ρ), cf. [16, Chapter 4].
4 Measures with super-exponential decay of en 14
Theorem 10. Let ρ be a positive measure on T. Then the following are equivalent:
(a) the sequence en(ρ) decays super-exponentially, i.e., n
−1 log en(ρ)→ −∞ as n→
∞;
(b) for any positive ε and A, there exists n0 such that for every n > n0 there exists
a set E ⊂ T, which is a union of at most n arcs, such that
cap(E) < ε and ρ(T \ E) < e−An.
Proof of Theorem 10:
(a) =⇒ (b): Suppose that the sequence en(ρ) decays super-exponentially fast and
fix ε and A. Choose A1 > A such that e
−A1/2 6 ε. Then, we choose n0 so that
en(ρ) < e
−A1n for n > n0. Applying part (A) of Theorem 9 with Ω = A1n, we get
the set E ⊂ T which is a union of at most n arcs such that cap(E) < e−A1/2 6 ε
and ρ(T \ E) < e−A1n 6 e−An.
(b) =⇒ (a): Given an A > C1 with C1 as in Theorem 9, choose ε ∈ (0, e−A). By
hypothesis, for every n > n0 there exists a set E ⊂ T, which is a union of at most
n arcs, such that cap(E) < ε and ρ(T \ E) < e−An. Set Ω = An. By part (B) of
Theorem 9, for n > n0, we have eCn 6 e
−Ω/4 = e−(A/4)n. Since A can be chosen
arbitrary large, we conclude that the sequence en decays super-exponentially fast.
✷
4.1 Proof of Theorem 8
4.1.1 Proof of (A)
Here, we will use the classical Boutroux–Cartan lower estimate of monic polynomials
outside an exceptional set. We will bring it in the version given by Lubinsky [8,
Theorem 2.1].
Lemma 11 (Boutroux–H. Cartan). Given a monic polynomial P of degree n and
an increasing sequence 0 < r1 < r2 < . . . < rn, there exist positive integers p 6 n
and (λj)
p
j=1,
∑p
j=1 λj = n, and closed disks (D¯j)
p
j=1 of radii 2rλj such that
{|P | 6∏n
j=1 rj
} ⊂ ⋃pj=1 D¯j.
Putting rj = εj(n!)
−1/n one gets a more customary version of this lemma [7,
Chapter I, Theorem 10], which says that for any monic polynomial P of degree n
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and any ε > 0, the set
{|P | < εn} can be covered by at most n closed disks with
the sum of radii not exceeding 2eε.
Now, turning to the proof of (A), we suppose that Q is an extremal polynomial
of degree n. Then,
e−2Ω > e2n(ρ) > e
−Ωρ
{|Q| > e− 12Ω} ,
whence, ρ
{|Q| > e− 12Ω} 6 e−Ω.
Consider the set
{|Q| < e− 12Ω}. Put
rj = exp
(
−1
4
Ω
j log n
)
, j = 1, 2, . . . n,
and note that
n∏
j=1
rj = exp
(
−1
4
Ω
log n
n∑
j=1
1
j
)
> e−
1
2
Ω .
Then, by the Bourtoux–Cartan estimate, the set
{|Q| < e− 12Ω} can be covered by
p 6 n arcs I1, . . . , Ip of lengths |Iℓ| = 4rmℓ , where
∑
ℓmℓ = n. Observing that
4rmℓ < exp
(
−1
4
Ω
mℓ logn
+ 2
)
< exp
(
−1
8
Ω
mℓ log n
)
(since Ω > 16mℓ log n),
we conclude that
p∑
ℓ=1
1
log 1
|Iℓ|
=
p∑
ℓ=1
1
log 1
4rmℓ
<
p∑
ℓ=1
8mℓ log n
Ω
=
8n logn
Ω
,
proving (A). ✷
4.1.2 Proof of (B)
Let zℓ be the center of the arc Iℓ, ℓ = 1, 2, . . . , p. For each ℓ put
mℓ =
[ Ω
log 1
|Iℓ|
]
and note that
∑
ℓmℓ 6 Ω
∑
ℓ (log
1
|Iℓ|
)−1 6 1
2
n. Consider the polynomial P (z) =∏p
ℓ=1(z − zℓ)mℓ+1 of degree
∑
ℓmℓ + p 6 n. On Iℓ we have
|P | < 2n|Iℓ|mℓ+1 6 2n exp
( Ω
log 1
|Iℓ|
· log |Iℓ|
)
= 2n e−Ω < e−
1
2
Ω .
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Hence,
e2n(ρ) 6
∫
T
|P |2 dρ =
(∫
∪ℓIℓ
+
∫
T\∪ℓIℓ
)
|P |2 dρ
6 max⋃
ℓ Iℓ
|P |2 + 4nρ(T \⋃
ℓ
Iℓ
)
< e−Ω + 4n e−Ω < 2e−
1
2
Ω,
proving (B). ✷
4.2 Proof of Theorem 9
4.2.1 Proof of (A)
Suppose that Q is an extremal polynomial of degree n for the measure ρ. Then
ρ
{|Q| > e− 12Ω} 6 e−Ω. Consider the set
EQ =
{|Q| 6 e− 12Ω} ∩ T = {|Q|2 6 e−Ω} ∩ T .
Since |Q|2 is a trigonometric polynomial of degree 2n, the set EQ is a union of p 6 n
closed arcs. By a basic property of logarithmic capacity (see [14, Theorem 5.5.4]),
cap(EQ) 6 e
− 1
2
Ω
n .
4.2.2 Proof of (B)
The proof of (B) needs the following lemma.
Lemma 12. Suppose E ⊂ T is a union of at most n > 14 arcs. Then there exists
a monic polynomial P of degree at most 28n with zeros on the unit circle such that
|P | 6 (cap(E))n 242n
everywhere on E.
Lemma 12 immediately yields (B). Indeed, for n > 14, C = 28, and C1 = 80 we
have
e228n(ρ) 6
∫
T
|P |2 dρ =
(∫
E
+
∫
T\E
)
|P |2 dρ
6 max
E
|P |2 +max
T
|P |2 ρ(T \ E) 6 e−2Ω 442n + 428n e−Ω < e− 12Ω,
provided that 2 · 456n < eΩ. The latter condition holds whenever Ω > 80n. For
n < 14 we just increase C and C1. ✷
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4.2.3 Proof of Lemma 12
Let ν be the equilibrium measure of the set E =
⋃
16j6p Ij, Ij = {eiθ : αj 6 θ 6 α′j},
1 6 j 6 p 6 n, and let
Uν(eiθ) =
∫
E
log |eiθ − eit| dν(eit)
be its logarithmic potential. We assume that the measure ν is normalized by the
condition ν(E) = n. Then
Uν
∣∣
E
= n log cap(E)
(and is > n log cap(E) on C\E). We will construct a monic polynomial P of degree
2N , N 6 14n, so that log |P | 6 Uν + (3 log 2)N everywhere on E.
For this purpose, we will replace the measure ν by the sum of point masses∑2N
j=1 δsj . It is well known (see e.g. [12, Lemma 4.1] or [17, Lemma 3.5]) that
dν(eiθ) = ϕ(θ) dθ, eiθ ∈ E, where
ϕ(θ) =
n
2π
p∏
j=1
|eiθ − eiβj |√
|eiθ − eiαj | · |eiθ − eiα′j |
(3)
with a sequence of points eiβj interlacing with the arcs Ij . Since
ϕ(θ)4 =
n4
(2π)4
p∏
j=1
(eiθ − eiβj)2(1− eiθ−iβj)2
(eiθ − eiαj )(1− eiθ−iαj)(eiθ − eiα′j )(1− eiθ−iα′j)
is a rational function of z = eiθ of degree 4p, it has at most 8p − 1 critical points.
Hence, ϕ′ has at most 8p− 1 zeros on [0, 2π]. Thus, we can represent E as a union
of at most 9p − 1 + 4n − 1 6 13n − 2 arcs ∆′j , with disjoint interiors such that∫
∆′j
ϕ 6 1/4 and ϕ′ has a constant sign on ∆′j . After that we split the arcs ∆
′
j of
length larger than or equal to π/8 into smaller arcs so that the length of each new
arc is less than π/8. Finally, we get N 6 14n arcs ∆j = {eiθ : γj 6 θ 6 γ′j} with
|γ′j − γj| < π/8 such that
∫
∆j
ϕ 6 1/4 and ϕ′ has a constant sign on ∆j .
Set
P (z) =
∏
16j6N
(z − eiγj )(z − eiγ′j ) , deg P = 2N 6 28n.
We need to show that
log |P (z)| 6 Uν(z) + (3 log 2)N, z ∈ E . (4)
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Fix a point z = eiθ ∈ ∆j at which we will check this bound. Then
log |P (z)| = log(|z − eiγj | · |z − eiγ′j |)
+
( ∑
dist(z,∆k)6
1
2
,
k 6=j
+
∑
dist(z,∆k)>
1
2
)
log
(|z − eiγk | · |z − eiγ′k |)
The last sum does not exceed (log 4)N .
If dist(z,∆k) 6
1
2
, k 6= j, then ∆k ⊂ D(z, 1), and dist(z,∆k) = |z − eiγ˜k |, where
γ˜k is one of two points γk, γ
′
k. Then, recalling that ν(∆k) 6 1/4 < 1 and using
monotonicity of the logarithm function, we see that
log
(|z − eiγk | · |z − eiγ′k |) 6 log |z − eiγ˜k |
6
∫
∆k
log |z − eiγ˜k | dν(eit) 6
∫
∆k
log |z − eit| dν(eit),
Hence, letting E0 = ∪dist(z,∆k)6 12 , k 6=j∆k, E1 = E \ (E0 ∪∆j), we obtain that∑
dist(z,∆k)6
1
2
, k 6=j
log
(|z − eiγk | · |z − eiγ′k |)
6
∫
E0
log |z − eit| dν(eit)
6
∫
E0
log |z − eit| dν(eit)
+
∫
E1∩D(z,1)
log |z − eit| dν(eit) + (log 2)ν(E1 ∩D(z, 1))
+
∫
E1\D(z,1)
log |z − eit| dν(eit)
6
∫
E\∆j
log |z − eit| dν(eit) + (log 2)N.
That is,
log |P (z)| 6 log(|z − eiγj | · |z − eiγ′j |)+ ∫
E\∆j
log |z − eit| dν(eit) + (3 log 2)N.
To complete the proof of (4), it remains to show that
log
(|z − eiγj | · |z − eiγ′j |) < ∫
∆j
log |z − eit| dν(eit) . (5)
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To do this, we are going to prove that
4
∫ γ′j
γj
ϕ(t) log
1
|t− θ| dt 6 3 log
1
|θ − γj| · |θ − γ′j |
+ 2, γj < θ < γ
′
j, (6)
with the function ϕ defined in (3).
First, we verify that (6) yields (5). Since dν(eit) = ϕ(t) dt, ν(∆j) 6 1/4, and
1
π
|θ − t| 6 |eiθ − eit|, θ, t ∈ ∆j , estimate (6) yields
4
∫
∆j
log
1
|z − eit| dν(e
it) 6 3 log
1
|θ − γj| · |θ − γ′j|
+ log π + 2 ,
where z = eiθ. Furthermore, since the length of each arc ∆j does not exceed π/8,
we have
|θ − γj| · |θ − γ′j| 6
1
4
(γj − γ′j)2 6
1
4
(π
8
)2
,
and then,
log
1
|θ − γj | · |θ − γ′j|
> log
(
4 ·
(8
π
)2)
.
Since e2 · π3 < 256, the RHS of the last displayed formula is bigger than log π + 2,
which gives us
4
∫
∆j
log
1
|z − eit| dν(e
it) < 4 log
1
|θ − γj| · |θ − γ′j|
< 4 log
1
|z − eiγj | · |z − eiγ′j | ,
which is (5). Thus, it remains to verify (6).
Set β = θ − γj, β ′ = γ′j − θ, and ψ(t) = 4ϕ(t + θ). Then β, β ′ ∈ (0, 1) and∫ β′
−β
ψ(t) dt 6 1. We need to show that
∫ β′
−β
ψ(t) log
1
|t| dt 6 3 log
1
β · β ′ + 2 .
We assume that ψ increases on (−β, β ′), and set ψ1(x) =
∫ x
0
ψ(t) dt. Note that the
function ψ1 is convex, vanishes at the origin, and ψ1(β
′) 6 1, so 0 6 ψ1(x) 6 x/β
′
on [0, β ′] and ψ(0) = ψ′1(0) 6 1/β
′. Then, integrating by parts, we get
∫ β′
0
ψ(t) log
1
t
dt = ψ1(β
′) log
1
β ′
+
∫ β′
0
ψ1(t)
t
dt 6 log
1
β ′
+ 1.
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If β ′ < β, then∫ β
0
ψ(−t) log 1
t
dt =
(∫ β′
0
+
∫ β
β′
)
ψ(−t) log 1
t
dt
6 ψ(0)
(
β ′ + β ′ log
1
β ′
)
+ log
1
β ′
< 2 log
1
β ′
+ 1,
while for β ′ > β, we have∫ β
0
ψ(−t) log 1
t
dt 6 ψ(0)
(
β + β log
1
β
)
6 log
1
β
+ 1.
That is, ∫ β′
−β
log
1
|t| ψ(t) dt 6 3 log
1
β · β ′ + 2 ,
proving (6) and completing the proof of Lemma 12. ✷
5 Riesz products
Our last results concern with a family of singular continuous measures introduced by
F. Riesz and called the Riesz products. These measures have a variety of applications
in harmonic analysis, see e.g. [10, §13] and the references therein. Our attention to
the Riesz products in the context of this work was attracted by a discussion of
Khruschev’s work in [15, Section 2.11].
To define the Riesz products, consider a sequence of probability measures
dρn(e
iθ) =
n∏
j=0
(
1 + αj cos(ℓjθ)
) dθ
2π
,
where −1 6 αj 6 1, and ℓj are positive integers such that ℓj+1 > 3ℓj. The sequence
of measures ρn has a weak limit ρ called the Riesz product. The measure ρ is singular
continuous iff
∞∑
j=0
α2j =∞
(otherwise, it is absolutely continuous).
Theorem 13. Let ρ be a Riesz product generated by the sequences (αj) and (ℓj),
and let Nn =
∑n
j=0 ℓj. Then
n∏
j=0
1
2
(
1 +
√
1− α2j
)
6 eNn(ρ)
2 6
n∏
j=0
(
1− α
2
j
4
)
.
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In particular, for αj → 0, we have
2 log eNn(ρ) = −
1
4
n∑
j=0
α2j +O
( n∑
j=0
α4j
)
,
while, for αj = 1, j ∈ Z+, we get
−(n + 1) log 2 6 2 log eNn(ρ) 6 −(n + 1) log
4
3
.
5.1 Proof of Theorem 13
First, we note that the moments of the measures ρ and ρn coincide up to the order
Nn =
∑n
j=0 ℓj . So the corresponding orthogonal polynomials (as well as their L
2(ρ)-
and L2(ρn)-norms) coincide too: QNn(ρ) = QNn(ρn), and eNn(ρ) = eNn(ρn).
5.1.1 Proof of the lower bound:
The proof is straightforward and uses a familiar integral∫ π
−π
log
(
1 + α cos θ
) dθ
2π
= log
(1
2
(
1 +
√
1− α2) ).
Since the measure ρn has a convergent logarithmic integral, by Szego˝’s theorem, for
every k ∈ N, we have
log ek(ρn) >
1
2
∫ π
−π
log
{ n∏
j=0
(
1 + αj cos
(
ℓjθ
))}dθ
2π
=
1
2
n∑
j=0
log
(1
2
(
1 +
√
1− α2j
))
,
whence,
log eNn(ρ) = log eNn(ρn) >
1
2
n∑
j=0
log
(1
2
(
1 +
√
1− α2j
))
,
proving the lower bound. ✷
5.1.2 Proof of the upper bound:
Consider the monic polynomial
PNn(z) :=
n∏
j=0
(
zlj − αj/2
)
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of degree Nn. Then
e2Nn(ρ) = e
2
Nn(ρn) 6 ‖PNn‖2L2(ρn)
=
∫ π
−π
n∏
j=0
|eiℓjθ − 1
2
αj|2 (1 + αj cos(ℓjθ)) dθ
2π
=
∫ π
−π
n∏
j=0
(
1− 1
4
α2j +
1
8
α3j (e
iℓjθ + e−iℓjθ)− 1
4
α2j (e
2iℓjθ + e−2iℓjθ)
) dθ
2π
.
Observe that due to the growth condition ℓj+1 > 3ℓj, the constant term of the
product under the integral sign, and hence, the whole integral on the RHS is equal
to
n∏
j=0
(
1− α
2
j
4
)
.
This completes the proof of the upper bound. ✷
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